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In this paper, Terashima studied algebraic plane curves from the viewpoint of birational geom-
etry of pairs in which a surface S and a curve D are denoted together like (S,D). The porpose
of this paper is to investigate the relation between the pairs (P2, C) which satisfy Noether’s
counter inequality and the pairs (Σb, D) which are #minimal models. Moreover, Terashima lists
the possible numerical types of plane curves on P2 which satisfy Noether’s counter inequality
and visualizes the relations of some pairs of invariants of the possible types.
1 P2
P2 . P2
Z/5Z {0, 1, 2, 3, 4}
.
Theorem 1.1 (Max Noether)
P2 2 .
P2 2 .
P2 C d ν0, ν1, ν2 3 P0, P1, P2 C
P0, P1, P2 2 C
′
d′
d′ = 2d− ν0 − ν1 − ν2
(Max Noether 2 ) 3 2
. d < ν0 + ν1 + ν2 d
′ < d
Max Noether
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2 Max Noether
Theorem 2.1 (Max Noether 2 )
P2 d C νi, νj, νk 3 C
3 2 C C ′ d′ νi + νj + νk > d d
. 3 .Pi C νi = 0 .
3 P0, P1, P2
ν0 + ν1 + ν2 ≤ d 3 Pi, Pj, Pk νi, νj, νk
νi + νj + νk ≤ d . 2
. C ν0, ν1, ν2 d
ν1 + ν2 + ν3 ≤ d Noether ν0 = ν1 = ν2 = 1
2 ν2 = 1 .
. 3
3 2 Noether
3
. P2
.
3
P2 Max Noether Σb #
P2 Σb
Σb b ≥ 0
Σb = {((x0 : x1 : x2), (y0 : y1))|x1yb1 = x2yb2} ∈ P2 × P1
Σb P2
2 I III b .P2
Σb b
Definition 3.1 ( )
S,W h : S → W S D h W
h(D) h[D] W C
h : (S,D) → (W,C) h (S,D) (W,C) .
h (S,D) (W,C) .
Definition 3.2 ( )
(S,D) S D S E
E 6= D E ·D ≥ 2 (S,D)
E ·D ≥ 2 E D
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.Theorem 3.3
P2 C d C L C dL
.
Theorem 3.4
Σb (σ, e) σ∆∞ + eFc .
Fc Σb P1 1 c ∈ P1
. ∆∞ 1 ∆2∞ = −b ≥ 0 .Σb
Fc .
P2 d, Σb (σ, e)
.
Definition 3.5 (P2 )
P2 C P0, P1, · · · , Pr
P0 ν0 P1 ν1 · · · P2 C
[d; ν0, ν1, ν2, . . . , νr]
.
.
Definition 3.6 (Σb )
Σb C σ∆∞ + eFc
1 P1, P2 · · · , Pr ν1, ν2, . . .
. C
[σ ∗ e, b; ν1, ν2, . . . , νr]
.
P2 d Σb (σ, e)
Σb b .
4 Σb #
Definition 4.1 (# )
Σb C σ ≥ 2ν1 b = 0, 1
1 b = 0 e ≥ σ,
2 b = 1 e− σ ≥ ν1,
3 b = 1 , r = 0 e− σ ≥ 2
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(Σb, C) #
σ ≥ 2 # σ = 1, 0 .Σb
σ = 1, 0 #
. # 2 .
Theorem 4.2
S S D κ[D] ≥ 0 S = P2
# .
κ[D] κ(S,D +KS) (S,D)
(S,D) (P2, L) κ[L] = κ(P2, L+
(−3L)) = −∞ κ[D] = κ[L] = −∞ κ[D] = −∞ (S,D) (P2, L)
(Coolidge)
Theorem 4.3
# . r = 0, e − σ = 1
.
# Σb I III P2
(σ, e) σ .
.
5 P2 #
C P2
2 . C P2
(P2, C) Σb #
. 4.2 C P2
(P2, C) .P2 1
2 Σ1 C C
∗
.
Theorem 5.1
P2 C [d; ν0, ν1, ν2, . . . , νr] P0
C C∗ [(d− ν0) ∗ d, 1; ν1, ν2, . . . , νr] .
(Σ1, C
∗) # . 4.1 b = 1
e− σ ≥ ν1 e− σ = d− (d− ν0) = ν0 ≥ ν1 .
σ ≥ 2ν1
σ ≥ 2ν1 ⇔ d− ν0 ≥ 2ν1 ⇔ d ≥ ν0 + 2ν1.
ν1 ≥ ν2 d ≥ ν0 + 2ν1 d ≥ ν0 + ν1 + ν2 .
P2 C [7; 3, 3, 1]
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Σ1 [4 ∗ 7, 1; 3] 4 = σ < 2ν1 = 6 #
.
#
C (P2, C) Σb #
. .
Theorem 5.2
(S,D) S D (S,D) (Σb, C)
(Σb, C) I III (Σb′ , C
′) (S,D)
.
C Noether d ≥ ν0 + ν1 + ν2 d ≥ ν0 + 2ν1
P1 I(−)
P1 ∆∞
b′ = b− 1 = 0, σ′ = σ = d− ν0
e′ = e− ν0 = d− ν0, ν ′1 = σ − ν1 = d− ν0 − ν1
. d ≥ ν0+ν1+ν2 ν ′1 = d−ν0−ν1 ≥ ν2
ν ′1 . Γ
[(d− ν0) ∗ (d− ν1), 0; d− ν0 − ν1, ν2, . . . , νr]
. σ = d− ν0 ≤ d− ν1 = e σ = d− ν0 ≥ 2(d− ν0− ν1) = 2ν ′1
Γ (Σb,Γ) # P1 ∆∞
I(+)
b′ = b+ 1 = 2, σ′ = σ = d− ν0
e′ = e+ σ − ν1 = 2d− ν0 − ν1, ν ′1 = σ − ν1 = d− ν0 − ν1
P1 ∆∞ ν ′1 .
Γ
[(d− ν0) ∗ (2d− ν0 − ν1), 2; d− ν0 − ν1, ν2, . . . , νr]
.σ = d − ν0 ≥ 2(d − ν0 − ν1) = 2ν ′1 Γ′
(Σb,Γ
′) #
C Noether 1 #
(P2, C) 1 I #
. 3 1 Noether
C (P2, C) #
Σb D
2, Z2 P2 Dˆ2, Zˆ2
D2, Z2 Dˆ2, Zˆ2 .
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6 P2 Σb D2, Z2
(Σb, C
∗) (S,D) (P2, C) (W, Dˆ) .
Z Z = D+KS Zˆ = Dˆ+KW . KS, KW S,W
.
Noether C (P2, C) 1 #
(P2, C) (Σ1, C∗)
(P2, C) (S,D) (P2, C) (Σ1, C∗)
(S,D) D = Dˆ, Z = Zˆ
C Noether 1 #
(P2, C) . Σb D2 .
Theorem 6.1
Σb C [σ ∗ e, b; ν1, ν2, . . . , νr]
D2 = 2σe− bσ2 −
r∑
j=1
νj
2 (νj ≥ 2)
.
Z2 KΣb = −2∆∞− (b+ 2)FC KS 1
µ : S ′ → S µ∗(KS) + E .
Theorem 6.2
Σb C [σ ∗ e, b; ν1, ν2, . . . , νr]
Z2 = 2(σ − 2)(e− b− 2)− b(σ − 2)2 −
r∑
j=1
(νj − 1)2 (νj ≥ 2)
(νj ≥ 2) Σ . C
C
ν ′j ν
′
j
. P2 D2 Z2 Dˆ2 Zˆ2
C
Definition 6.3
P2 C [d; ν0, ν1, ν2, . . . , νr]
Dˆ2 = d2 −
r∑
j=1
νj
2 (νj ≥ 2)
Zˆ2 = (d− 3)2 −
r∑
j=1
(νj − 1)2 (νj ≥ 2)
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P2 C [d; ν0, ν1, ν2, . . . , νr] I(−)
[(d− ν0) ∗ (d− ν1), 0; ν ′1, ν ′2, . . . , ν ′r]
D2 = 2(d− ν0)(d− ν1)−
r∑
j=1
ν ′j
2
(ν ′j ≥ 2)
Z2 = 2(d− ν0 − 2)(d− ν1 − 2)−
r∑
j=1
(ν ′j − 1)2 (ν ′j ≥ 2)
. ν2 P2 C # C∗∗
D2 = 2(d− ν0)(d− ν1)−
r∑
j=1
ν ′j
2
(ν ′j ≥ 2)
= 2(d− ν0)(d− ν1)− ν ′12 −
r∑
j=2
νj
2 (ν ′1, νj ≥ 2)
Z2 = 2(d− ν0 − 2)(d− ν1 − 2)−
r∑
j=1
(ν ′j − 1)2 (ν ′j ≥ 2)
= 2(d− ν0 − 2)(d− ν1 − 2)− ν ′12 −
r∑
j=2
(νj − 1)2 (ν ′1, νj ≥ 2)
. ν ′1 = d− ν0 − ν1
D2 = 2(d− ν0)(d− ν1)− (d− ν0 − ν1)2 −
r∑
j=2
νj
2
= d2 − ν02 − ν12 −
r∑
j=2
νj
2
= d2 −
r∑
j=0
νj
2 = Dˆ2
D2 Dˆ2 .ν ′1 = d − ν0 − ν1 ≤ 1 ν ′12
D2 = Dˆ2 + 1 .
P1 ∆∞ I(+) [(d− ν0) ∗
(2d − ν0 − ν1), 2; ν ′1, ν ′2, . . . , ν ′r] I(−)
.
Z2 Zˆ2
Theorem 6.4 (D2, Z2 Dˆ2, Zˆ2 )
(1) d− ν0 − ν1 = 1 D2 = Dˆ2 + 1 D2 = Dˆ2
(2) Z2 = Zˆ2
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7 Noether g,D2, Z2
P2 Noether
D2 Z2 .
g . C . Noether
ν0 ≥ ν1 ≥ ν2 ν2 νj
ν2 ≥ ν3 ≥, . . . ,≥ νr .
j
. .C
.
.
</F > .
d ≤ 20 .
.
#include<stdio.h>
#define MAX 171// 2 g=0
Pi(C)
void paint(int start, int paint, int nu[]);
void printType(FILE *fp,int d, int nu[]);//
int backTrack(int nu[]);//
void otherSingulars(FILE *fp,int d,int start, int nu[]);// 3
g>=0
int culculate_g(int d, int nu[]);// g
int culculate_zz(int d, int nu[]);//Z^2
int culculate_DD(int d, int nu[]);//D^2
int depth;//
int main(void){
int i,j,k,l;//
int d=3;
int g,zz,DD;
int sigma;//
int nu[MAX];// MAX .g>=0
int nu0,nu1,nu2;//
FILE *fp;
fp=fopen("DDzz_31.csv","w");
if(fp==NULL){
printf("Can’t open file DDzz_31.csv");
exit(1);
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}while(d<=20){//
for(nu0=2;nu0<=d-2;nu0++){
for(nu1=1;nu1<=nu0;nu1++){
for(nu2=1;nu2<=nu1;nu2++){
if(d>=nu0+nu1+nu2){
nu[0]=nu0,nu[1]=nu1,nu[2]=nu2;
for(i=3;i<MAX;i++){// 1
nu[i]=1;
}
//printType(d,nu);// 1
g=culculate_g(d,nu);// 1 1 g<0
zz=culculate_zz(d,nu);
DD=culculate_DD(d,nu);
if(g>=0){// 0
printf("d = %d, depth=%d, g=%d, z^2=%d, D^2=%d\n",d,depth,g,zz,DD);// ,Z^2,D^2
fprintf(fp,"%d,%d,%d,",g,DD,zz);// g A D^2 B
Z^2 C
printType(fp,d,nu);// D
}
if(nu[2]>1){//nu[2]
depth=0;
otherSingulars(fp,d,3,nu);
}
}
}
}
}
d++;
printf("now d = %d\n",d);//
}
fclose(fp);
return 0;
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}void printType(FILE *fp,int d,int nu[]){//
int i;
fprintf(fp,"[%d;%d %d %d",d,nu[0],nu[1],nu[2]);//
for(i=3;i<MAX;i++){
if(nu[i]==1) break;//1 ,1
fprintf(fp," %d",nu[i]);
}
fprintf(fp,"]\n");//
}
void otherSingulars(FILE *fp, int d,int start,int nu[]){//nu[0]nu[1]nu[2]
printType
int i;
int g, zz, DD;
int sigma;//
depth++;//
while(start<MAX){//
nu[start]++;// 1
g=culculate_g(d,nu);
zz=culculate_zz(d,nu);
DD=culculate_DD(d,nu);
if(g>=0){// 0
printf("d = %d, depth=%d, g=%d, z^2=%d, D^2=%d\n",d,depth,g,zz,DD);//
fprintf(fp,"%d,%d,%d,",g,DD,zz);
printType(fp,d,nu);//
break;// nu while
}
start++;// nu[i]
}
start=backTrack(nu);//
start
if(start>2){//nu[2]
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for(i=start+1;i<MAX;i++){// 1 1
nu[i]=1;
}
otherSingulars(fp,d,start,nu);//
}
//nu[2] nu[0]nu[1]nu[2]
}
int backTrack(int nu[]){// i
int i;//
int start;//
for(i=MAX-1;i>=2;i--){// 1
start=i;
if(nu[i]!=nu[i-1]) break;
}
return start;
}
int culculate_g(int d, int nu[]){// g
int sum=0;//Sigma
int i;//
int g;//
for(i=0;i<MAX;i++){
if(nu[i]==1) break;//
sum=sum+nu[i]*(nu[i]-1)/2;
}
g=(d-1)*(d-2)/2-sum;
return g;
}
int culculate_zz(int d, int nu[]){//Z^2 Zhat^2
int zz;//Z^2
int sum=0;//
int i;//
for(i=0;i<MAX;i++){
if(nu[i]==1) break;//
sum=sum+(nu[i]-1)*(nu[i]-1);
}
zz=(d-3)*(d-3)-sum;
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return zz;
}
int culculate_DD(int d, int nu[]){//d-nu0-nu1=1 D^2 Dhat^2
int DD;//D^2
int sum=0;//sigma
int i;//
for(i=0;i<MAX;i++){
if(nu[i]==1) break;//
sum=sum+nu[i]*nu[i];
}
DD=d*d-sum;
if(d-nu[0]-nu[1]==1){//d-nu0-nu1=1 D^2=Dhat^2+1
DD++;
}
return DD;
}
8
.g = 0, −15 ≤ D2 ≤ −5 .
9
.
α := 4g − 4−D2 A := Z2 − g + 1 ω := 3g − 3−D2 Ω := 3Z2 − 4g + 4 .
x y
figure 1 D2 Z2 σ ≥ 6
figure 2 D2 Z2 σ ≥ 4
figure 3 α A σ ≥ 6
figure 4 α A σ ≥ 4
figure 5 ω Ω σ ≥ 6
figure 6 ω Ω σ ≥ 4
σ .σ = 4
σ = 18 1 .
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σ RGB16
4 ff0000
5 ff6600
6 ffaa00
7 ffff00
8 99ff00
9 00ff00
10 00ff66
11 00ffcc
12 0099ff
13 0033ff
14 3300ff
15 9900ff
16 ff00ff
17 ff0077
18 ff0033
σ
σ .
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